INTRODUCTION
We are interested in the following reaction-diffusion equation: --~ is regular and F is not necessarily a gradient.
For simplicity, we focus on the study of (1) (results for equation (2) will also be presented in section 5).
Equation (1) appears in the study of various physical problems (plasma physics, nonlinear optics). See for example Levermore and Oliver [15] and the references inside. Blow-up results for vector-valued equations have been intensively studied in differential geometry. See for example a review paper by Hamilton [12] .
The Cauchy problem for equation (1) can be solved in H. u(t), solution of (1) would exist either on [0, -~-oo) ( u(t) blows-up in finite time T in H. In this paper, we are interested in the finite time blow-up for equation (1) .
If 6 = 0 and ~uo (x) E 0~, then (1) can be considered as real-valued.
Blow-up in this real case has been studied by various authors. Relying on the use of monotony properties and maximum principle, Ball [1] ] and Levine [16] [4] and Merle and Zaag [18] give such a uniform convergence. In most papers, the same kind convergence is proved, but only uniformly on smaller subsets (for C/ t) I in [5] ,...).
Remark.
-In fact, we show that property iii) is a consequence of ii). We want to point out that for the heat equation (8=0), iii) was known just in dimension one using the decay in time of the number of oscillations of the solution (Cf Herrero and Velazquez [13] ).
Remark. -To prove Proposition 1, we linearize in a way equation (1) around and give a nonlinear finite dimensional reduction of the problem. Then, we solve the finite dimensional problem using index theory. The proof is more difficult than in [18] , because of the vectorial structure, the presence of a coupling between coordinates, and the presence of one more neutral direction. These techniques give then as in [18] a stability result with respect to the initial data of the behavior described in Proposition 1 (see section 5).
Remark. -Center manifold theory do not apply here. It fails to give a uniform estimate such as ii). One can point out that even if it works, a center manifold theory gives a convergence only uniform in the region C}. For discussion in the case 8 = 0, see Filippas and Kohn [5] , page 834-835.
Remark. -We see from (6) Indeed, THEOREM 2 (Existence of a blow-up solution for equation (8) ). -There exist initial data uo such that equation (8) has a blow-up solution.
Let us mention briefly the organization of the paper. The proof of Proposition 1 relies strongly on a double-scale description of u(t) , solution of (1). We first give in section 2 an equivalent formulation of the problem in the scale of the well known similarity variables (see Giga and Kohn [ 11 ] ,...). Then, working in the original scale, we prove in section 3 the existence of a single-point blow-up solution for equation (1) As we mentioned just before, the proof of Proposition 1 will be completed in two steps. In the first step (section 3), it is enough to construct u(t) a solution of equation (1) satisfying (5) , since this implies directly that u(t) blows-up in finite time T at only one blow-up point: 0 (parts i) and ii) of Proposition 1). Indeed, it easily follows from (5) that limt-7T = +00, which means that u(t) blows-up in time T at the point 0, and limt-7T(T -= 0 for b ~ 0, which implies in turn that u( t) does not blow-up at 6 7~ 0, and therefore blows-up only at the point 0. This last result follows directly from a Theorem by Giga and Kohn (Theorem 2.1 in [11] ).
In a second step (section 4), we show how the behavior of the limiting profile ~c~ (x) near the blow-up point (part iii) of Proposition 1) can be derived from the behavior of u(t) as t ~ T given by (5) .
Hence, our first goal is to construct u(t) a solution of (1) satisfying (5) .
To have an idea about the blow-up growth of u, solution of equation (1) i) The only self-similar solutions w(y, s~ = of (10) (10) or for solutions of ( 10) in the expanded form (11) is a well known approach used in various problems such as nonlinear optics, and also nonlinear heat equations (see for instance Galaktionov, Kurdyumov and Samarskii [7] for approximate self-similar solutions in the case of global existence (in time), see also Galaktionov and Vazquez [8] ( 14) , which is equivalent to (5) through similarity variables (see (9) ).
Hence, we must study system (19) (20) and (16) (1 + (which corresponds to the null eigenvalue) as in [18] . The component parallel to iho (which corresponds also to the null eigenvalue) has been fixed by the second equation of (19) to be zero (using modulation theory and the phase invariance of the equation).
However, the analysis of system (19) is longer than the equivalent analysis in [18] , because of terms with and the presence of strong coupling between the two scalar parts: q1 and q2 of q, satisfying: ~ == (1 + i8)q1 +iq2.
Fortunately, de will be controlled near the profile cp (see 16) , and, although the coupling will be of critical size, its effect will be controlled by 8, which can be chosen small. (2) In this section, we prove proposition 2.1, which implies parts i) and ii) of Proposition 1 and then Theorem 1.
EXISTENCE OF A BLOW-UP SOLUTION FOR EQUATION
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H. ZAAG 3.1. Geometrical property for q As in [18] , the convergence to zero as s -~ +00 will follow from a geometrical property: q(s) E VA(s), where VA(s) C C) shrinks to q -0 as s ~ +00. The structure of VA(s) respects the freeboundary moving in q at the rate q7, and also the eigenfunctions of the operator £, ( As we suggested in the formulation of the problem, the proof follows the general ideas of [18] . However, it is more complicated because of terms with ae or because of strong interference between ql and q2 (see (27) , (28)). Therefore, we summarize arguments which are similar to those exposed in [18] 
BLOW-UP FOR VECTOR EQUATIONS
We crucially use a lower bound on blow-up rate for v established by Giga and Kohn in [11] to show that I v I is bounded for ~ near ~ ( r ) and T E [-1/2,1). v(t(r, x) ), we estimate the difference between u* (x) and u(x, t(r, x)) and then between u* (x) and fer). Then, by simple asymptotic calculation, we reach the equivalent (44). Proof -Using proposition 4.1 and (43), we write for r > ri , t > t 1 ( r ): T -t(r, x) ) p 21 u(x, t(r, x) + (Tt(r, x))T) -f(r)1 f where t(r, x) is given by (45 (4)). -
Let b E ( -b1, 03B41) where bl > 0 and consider ico initial data constructed in Proposition l. Let ic(t) be the solution of equation (1 ) (1) with initial data Moreover, u(t) approaches the profiles (6) and (7) near (T, a) similarly as ic(t) does near (T, a).
The proof of this theorem relies strongly on the techniques developed in sections 2, 3 and 4. We give just the key ideas of the proof.
Consider initial data ~co in a neighborhood of ico and u(t) the corresponding solution of ( 1 ). Then, for each (T, a) near (T , a), we introduce as in section 2 a two-parameter group acting on u(t): where w(T, a) is defined similarly as in (9) by and cp is given by (16) . Therefore, our problem reduces to searching a parameter (T ( uo ) , a ( uo ) ) such that for some so > 0 and A > 0 (see definition 3.1). Indeed, T(uo) and a(uo) will be shown then to be respectively the blow-up time and point of u(t) .
Moreover, we derive directly form (48) an estimate analogous to (6) and then, by the techniques of section 4, an other estimate analogous to (7) .
By uniform a priori estimates analogous to proposition 3.2, we reduce this problem to a finite dimensional one. We solve it using a non-degeneration property of the two-parameter group acting on ic(t) itself (see [18] for similar argument). Hence, we reach the conclusion of Theorem 3. The proof used for equation (1) [18] (and before in Bricmont and Kupiainen [4] Proof -Start with (20) and do the same as in the proof of lemma 3.15 in [18] .. 
